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Introduction

In recent times investors have shown interest in financial
derivatives/structured products built on the joint interplay of an
underlying asset (equity) St and the realized volatility RVt this same asset
accrues over a time period.

Such constructs have been engineered for the following purposes:

For a better control and assessment of the investment risk;

To simplify the valuation framework in sophisticated market
environments;

To express joint views of equity and volatility performances;

To be able to in trade vanilla type instruments when markets are
under stress, in particular when high implied volatilities give rise to
unaccessible prices.
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Overview

We study specific instances of these investments and then move on to a
more theoretical valuation approach. Specifically, we will illustrate:

1 The target volatility option, a joint asset and volatility derivative
written in an option format;

2 The target volatility strategy; a structured investment strategy
consisting in rebalancing the equity proportion in a portfolio with the
volatility it realizes;

3 The valuation problem of a general joint asset/volatility derivative in a
stochastic volatility model, and produce risk-neutral pricing formulae.
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The target volatility option

In a market setting where no interest rate is paid on bonds, let St be an
equity modeled through a stochastic volatility process σt , i.e.:

dSt = σtStdWt (1)

for a Wiener process Wt . The realized variance of St is the annualized
quadratic variation of Xt = log St , i.e. the quantity

〈X 〉t
t

=
1

t

∫ t

0
σ2
s ds (2)

This is the usual continuous-time proxy of the annualized variance of the
equity log-returns compounded in [0, t]. We assume also that the
processes St and σt are independent.

The realized volatility RVt is thus simply
√
〈X 〉t/t.
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The target volatility option

The target volatility option (TVO) is a European-type derivative contract
written on St and 〈X 〉t paying off at maturity T :

TVOT =
σ

RVT
(ST − K )+ = σ

√
T

〈X 〉T
(ST − K )+ (3)

for a fixed strike price K and a pre-specified target volatility level σ written
in the contract.

We shall show two pricing results for the TVO valuation problem:

1 An approximated formula based on a Taylor series expansion of the
Black-Scholes call payoff in the variable K around S0;

2 A semi-closed integral formula based on the inversion of the Laplace
transform of the payoff in the log-strike.
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The target volatility option

The motivation for such a contract is as follows. Assume that an
at-the-money (K = S0) TVO is traded. By taking risk-neutral
expectations and using the conditioning trick and the Bachelier
approximation for the Call price yields:

E

[
σ

√
T

〈X 〉t
(ST − S0)+

]
= E

[[
σ

√
T

〈X 〉t
(ST − S0)+|σT

]]
(4)

= E

[√
T

〈X 〉t
CBS(S0, S0, 〈X 〉t)

]
∼ E

[√
T

〈X 〉t
〈X 〉t√

2π

]
= σ

√
T

2π
= (5)

CBS(S0,S0, σ) (6)

that is, the price of an at-the-money TVO having target volatility σ is
approximately the at-the-money Black-Scholes call price of implied
volatility σ.

What if K 6= S0 ranges in a neighbourhood of S0?
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The target volatility option: Taylor series expansion

If we take up equation (4) and let K 6= S0, we see again that due to
independence of St and 〈X 〉t pricing a TVO is equivalent to pricing the a

volatility derivative
√

T
〈X 〉t CBS(S0,K , 〈X 〉t), i.e.:

TVO0 = E

[
σ

√
T

〈X 〉T
CBS(S0,K , 〈X 〉T )

]
(7)

To obtain a price we proceed as follows:

1 We develop CBS(S0,K , x) as a function of K in its Taylor series

around S0 and multiply the series thus obtained by the factor σ
√

T
x ;

2 We re-arrange the resulting series in the variable x and express it as a
series of converging integrals whose integrand is a real exponential;

3 We truncate such series, compute it at x = 〈X 〉T , take the risk
neutral expectation, apply Fubini’s theorem;

4 What we are left with is a linear combination of integrals of the
Laplace transform of the the volatility model proxying the price.
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The target volatility option: Taylor series expansion

Lemma

The Black and Scholes (call) equation admits the following Taylor
expansion as a function of the strike K around the ATM point S:

CBS(S ,K , x) = S − (S + K )N

(
−
√

x

2

)

+e−x/8

f (n)∑
j=0

x−(1/2+j)W n,j(K ) + O(n + 3), (8)

where

W n,j(K ) ≡ 1√
2π

n∑
k=2j

(−1)kc f (k)−j ,k (K − S)k+2

Sk+1(k + 2)!
, (9)

and

f (k) =

{
k
2 , k even;
k−1

2 , k odd.
(10)
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The target volatility option: Taylor series expansion

Now we multiplicate equation (8) by σT/
√

x and make use of the
following integral representations:

1√
x

N

(
−
√

x

2

)
=

1

2
√
π

∫ ∞
0

e−(z+1/8)x√
z + 1/8

dz , (11)

and, for r > 0:

x−r =
1

rΓ(r)

∫ ∞
0

e−z
1/rxdz . (12)

By substituting equation (8) into (7), truncating the series, using (11) and
(12), and finally passing the expectation inside the integral, we have the
following Proposition:
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The target volatility option: Taylor series expansion

Proposition

The price of a call TVO can be approximated by a linear combination of
integrals of some exponential function of the quadratic variation,

CTV
0 (K ) ≈ σ̄

√
T

2S0√
π

I
1/2,0
0 − S0 + K

2
√
π

Φ
1,1/8
0 +

f (n)∑
j=0

W n,j(K )

(j + 1)!
I
j+1,1/8
0

 ,
(13)

I r ,a0 =

∫ ∞
0

E
[
eλ

r,a(z)〈X 〉T
]

dz (14)

Φr ,a
0 =

∫ ∞
0

E
[
eλ

1,1/8(z)〈X 〉T
]

√
z + 1/8

dz , (15)

λr ,a(z) = −(z1/r + a). (16)
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The target volatility option: Taylor series expansion, t > 0

If we want to evaluate the TVO after inception σ , i.e. at t > 0, equation
(7) becomes:

TVOt = Et

[
σ
√

T/(εt + 〈X 〉T − 〈X 〉t)CBS(St ,K , 〈X 〉t − 〈X 〉T )
]

(17)

where ε = 〈X 〉t .
The valuation formula loses its symmetry, because we shall this time
multiplicate equation (8) by σ

√
T/
√

x + ε, giving rise in the Taylor
development to terms of the form:

N(−
√

x/2)√
ε+ x

,
x−(j+1/2)

√
ε+ x

(18)

However, it is possible to use a second series expansion and develop the
functions N(−

√
x/2) and x−(j+1/2) in a neighbourhood of x + ε to restore

such symmetry. This will produce a formula similar to (13), but accounting
for a further summation and the presence of ε in the coefficients.
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Robust pricing

In the influencial paper [2], Carr and Lee have proved that volatility
derivatives can be statically replicated by claims on the underlying stock.
This is thanks to the relation, which holds under the independence
between the stock and volatility :

Et [e
λ(〈X 〉T−〈X 〉t)] = Et

[
e(XT−Xt)p(λ)

]
= Et

(
ST

St

)p(λ)

, (19)

for some function p. In turn, this allows for model-independent (robust)
pricing, that is, prices can be uniquely derived by liquid market data by
means of the Breeden-Litzenberger formula:

f (S) = f (η) + f
′
(k)[S−η] +

∫ ∞
η

f
′′

(x)(S−x)+dx +

∫ η

0
f
′′

(x)(x−S)+dx .

where f will be given through use of equation (19).
As it happens their results apply here because equation (7) involves the
pricing of a pure derivative product .

L. Torricelli (UCL) Joint asset & volatility financial products June 20, 2013 13 / 33



The target volatility option: Laplace transform method

The TVO can also be priced by using the well-established methodology of
the Laplace/Fourier transform inversion pionereed by Heston [6], Lewis [7]
and Carr and Madan [1].

We write the TVO put valuation formula in terms of the log-strike k :

P̄t(St , e
k , 〈X 〉t) = Et

[
σ̄
√

T√
〈X 〉T

(ek − ST )+

]
≡ P(k). (20)

By Laplace-transforming the put option price in the log-strike we get, for
Re(α) > 1:

P̂t(α) ≡
∫ ∞

0
e−αkPt(k)dk

= σ̄
√

T S1−α
t Et

[
1√

εt + 〈X 〉T − 〈X 〉t
e(1−α)(XT−Xt)

α(α− 1)

]
. (21)
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The target volatility option: Laplace transform method

Again formula (12) comes to rescue us:

1√
ε+ x

=
2√
π

∫ ∞
0

e−z
2(ε+x)dz . (22)

Hence:

P̂t(α) = 2σ̄

√
T

π
S1−α
t

∫ ∞
0

e−z
2〈X 〉t Et

[
e−z

2(〈X 〉T−〈X 〉t)+(1−α)(XT−Xt)

α(α− 1)

]
dz

= 2σ̄

√
T

π
S1−α
t

∫ ∞
0

e−z
2〈X 〉t Et

[
eλz,α(〈X 〉T−〈X 〉t)

]
α(α− 1)

dz , (23)

In the second equality we have used equation (19). For most stochastic
volatility models the Laplace transform of 〈X 〉t is known, and decays fast
enough to yield convergence of the integral.
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The target volatility option: Laplace transform method

By inverting the transform we finally have:

Pt(k) =
4eak σ̄

√
T

π3/2∫ ∞
0

∫ ∞
0

e−z
2〈X 〉t Re

(
S1−a−iu
t Et

[
eλz,a+iu(〈X 〉T−〈X 〉t)

]
(a + iu)(a + iu − 1)

)
cos(uk)dzdu.

(24)

We have applied a particular trigonometric representation of the Lapalce
inversion which is use Abate-Whitt quadrature method.

The TVO call price is obtained by put-call parity with the target volatility
forward:

TVOF0 = σ
√

T/〈X 〉T (ST − K ) (25)

whose valuation is straightforward after conditioning the value process to
σT .
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The target volatility strategy

A target volatility strategy is a dynamic portfolio allocation in an equity St

and a bond Bt aimed at maintaining a constant portfolio volatility σ
throughout the whole holding period [0,T ].

This is done by means of trades in the underlying occurring at given dates
t1, . . . , tn, of fixed lag δ . The volume of the trades at each period
depends on the volatility realized in the previous period.

Let the equation for the bond and the stock be given by:

dSt = µStdt + σtStdWt (26)

dBt = rBtdt (27)

for some stochastic volatility process σt .
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The target volatility strategy

To construct the portfolio let Π0 our intial endowment. Write Πt in terms
of number of portfolio holdings as:

Πδ
t = Θδ

tSt + Θr
tBt = w r

t Πδ
t + w δ

t Πδ
t

where, w r
t = Θr

tBt/Πδt , w δ
t = Θδ

tSt/Πδ
t . Observe that w r

t + w δ
t = 1.

Calculating the stochastic differential and assuming the self-financing
property we have:

dΠδ
t =Θδ

tdSt + Θr
tdBt = w r

δΠδ
tdBt/Bt + w δ

t ΠtdSt/St = (28)

rΠδ
tdt + w δ

t (µ− r)Πδ
tdt + w δ

t σtΠ
δ
tdWt (29)
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The target volatility strategy

Now, we want to set the time-varying (with δ and t) exposure w δ
t to the

stock component, in such a way that the log-returns of Πδ
t show

approximately constant volatility. Further, we want w δ
t to depend only on

observable market data.

This can be achieved by setting:

w δ
t = σ

(
δ

σ2
0δ1I{0≤t<t1} +

∑
i≥1 I titi−1

1I{ti≤t<ti+1}

)1/2

(30)

with:

I ts =

∫ t

s
σ2
udu (31)

Let Y δ
t = log Πδ

t . We have the following proposition:
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The target volatility strategy

Proposition

Y δ
t → Y t

0 in L2([0,T ]× Ω) for δ → 0, where

Y 0
t = (r − σ2/2)t +

∫ t

0

σ(µ− r)

σu
du + σWt (32)

is the asymptotic portfolio of Πδ
t .

Assume now that we want to write a derivative F on Y δ
t . It is a

consequence of the Proposition above that:

Corollary

Let F be a sufficiently regular European claim written on Y δ
t . As δ → 0

the price of F (Y δ
t ) converges to FBS(σ).

In particular a TVS extends the property of the TVO to any moneyness.
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The target volatility strategy: derivative valuation

Open problem 1 : the corollary above ensures that for
fixed δ the price of a derivative contract on a TVS can be
bound as:

E[F (Y δ
t )] ≤ FBS + ε(δ, parameters) (33)

The error ε, which depends on δ and on the parameters of
σt , represents from a practical persepctive the margin an
operator must charge to an investor over the Black
Scholes to underwrite the derivative F .
Is it possible to estimate, bound, or otherwise
assess ε?
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The target volatility strategy: distribution and moments
properties

The expected return of the asymptotic portfolio is easy to compute,
provided we know the first inverse moment of σt . Indeed

E[Y 0
t ] = σ(µ− r)

∫ t

0
E[

1

σu
]du.

However, analytical formulae for the moments of
∫ t

0 du/σu other than the
first have, to our knowledge, not been derived, even for tractable stochastic
volatility model (Dufresne, [4] has tried, but mentions insuccess).
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The target volatility strategy: moments’ structure

Open problem 2: Can be such formulae found? If not,
empirical testing supports the following evidence:

1 If the correlation between St and σt is negative (resp. positive) then
the variance of Y 0

t is higher (resp. lower) than that of the underlying
risk-neutral Black-Scholes asset of standard deviation σ and return
rate r ;

2 The skewness of Y 0
t is positive; the higher the volatility of the

volatility σt , the higher the skewness.

3 Numerically Y 0
t shows excess kurtosis; however if Corr(St , σt) > 0

then graphically the the tails of the distribution density seem to be at
best Gaussian (which is counter-intuitive).

How to prove some of the above rigorously?
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Heston model simulation, parameters from [8]

Figure : ρ = −0.92, vol of vol= 0.1968
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Heston model simulation, parameters from [8]

Figure : ρ = −0.92, vol of vol=0.0968
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Joint asset/volatility derivatives: the general problem

More generally to the TVO case we might want to consider general
European derivatives that pay on acombination of St and 〈X 〉t .

These claims can be represented as a function F (x , y) of two variables.
Assume that the joint evolution of St , vt = σ2

t is given by the following Ito
diffusion: {

dSt = (r − d)Stdt +
√

vtStdW 1
t

dvt = α(t, vt)dt + β(t, vt)dW 2
t .

(34)

This can be augmented as to include It = 〈X 〉t by considering the ODE:

dIt = vtdt. (35)

The correlation between W 1
t , W 2

t is arbitrary. Hence under this framework
we manage to extend the TVO pricing as to include correlation.
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Joint asset/volatility derivatives: the general problem

The Feynman-Kac theorem tells us that under appropriate assumptions the
discounted risk-neutral expectation of F (ST , IT ) under the Markovian
family of probability distibution generated by (34)-(35) is the solution of
some parabolic PDE having terminal condition F (ST , IT ).

More precisely, and specifically:

Vt = Et [e
−r(T−t)F (ST , IT )] (36)

is the solution to the degenerate PDE

∂V

∂t
+(r − d)S

∂V

∂S
+ α

∂V

∂v
+ v

∂V

∂I
+

vS2

2

∂2V

∂S2
+
β2

2

∂2V

∂v 2
+ (37)

ρβ
√

vS
∂V

∂S∂v
− rV = 0, (38)

having terminal condition F (ST , IT ).
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Joint asset/volatility derivatives: the general problem

Assume that the fundamental solution γ(z , v , t) of the PDE associated to
the diffusion (34) alone is known and let Γ(z ,w) be instead the
fundamental solution of (37).

Notably, for most volatility modles we have that there exists G : R→ R
and g : R2 → R such that:

Γ(z ,w , v , t) = G (g(z ,w), v , t) (39)

γ(z , v , t) = G (g(z , 0), v , t) (40)

Finally, the following pricing equation holds true:

Proposition

Under certain constraints on (34) the solution of (37) is given by:

V (S , I , v , t) =
e−r(T−t)

4π2
×∫ ik1+∞

ik1−∞

∫ ik2+∞

ik2−∞
S−ize−iz(r−d)(T−t)e−iwI Γ̂(z ,w , v , t)F̂ (z ,w)dzdw . (41)
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Valuation of the pricing integral

The numerical evaluation of integral (41) poses some difficulties, having a
two-dimensional complex integrand. These can be both due to the
oscillation and convergence rate along the choosen line.

There is a typical strategy to overcome these problems, allowed by the the
Cauchy theorem: the saddle point method. We deform the integration
countour to γ for which there exists a point p ∈ γ such that:

1 The imaginary part of the integrand has a stationary point in p: this
reduces the oscillation;

2 The real part of the integrand has a local maximum in p; this means
that the mass is mostly around p and there is less computational
effort to get the prescribed accuracy.

Open problem 3: Any way of determining γ for, say, the
TVO payoff and the Heston model?
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Joint asset/volatility derivatives: some fantasy payoffs

Following are some more payoffs of the type F (ST , IT ), which do not exist
but could make sense as real-life investments:

1 Double digital call:

F (ST , IT ) = 1I{ST≥K1, IT /T≥K2}; (42)

2 Volatilty capped call option:

F (ST , IT ) = (ST − K )+1I{K1≤
√

IT /T≤K2}
; (43)

3 Volatility-struck call option:

F (ST , IT ) =

(
ST − N

√
IT
T

)+

. (44)
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Thank you

All criticism, comments and suggestions welcome:

lo.tor@tiscali.it

lorenzo.torricelli.11@ucl.ac.uk
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